Let A ≤ B mean A is polynomial-time reducible to B.
Def 2.3 GAD(x 1 , . . . , x k , z) consists of GAD(x 1 , x 2 , y 1 ), GAD(y 1 , x 3 , y 2 ), GAD(y 2 , x 4 , y 3 ), . . ., GAD(y k−3 , x k−1 , y k−2 ), and GAD(y k−2 , x k , z). Aside from x 1 , . . . , x k , z, the graph GAD(x 1 , . . . , x k , z)
has ≤ 3k vertices, and ≤ 5k edges.
We leave the proof of the following easy lemma to the reader.
Lemma 2.4 Let k ≥ 2. If GAD(x 1 , x 2 , . . . , x k , z) is three colored and x 1 , . . . , x k get the same color, then z also gets that color.
The Main Theorem
Theorem 3.1 Let k ≥ 2. COL k ≤ COL 3 by a simple reduction that take a graph G with n vertices and e edges, and produces a graph G that has ≤ 2k 2 n + 2ke vertices and ≤ 3k 2 n + 2ke edges.
Proof: Let G have vertices v 1 , . . . , v n and edge set E. We construct G :
1. Vertices T, F, R which will form a triangle. In any coloring they have different colors which we call T, F, R. This is 3 vertices and 3 edges. (We won't count these in the end since our crude upper bounds on the vertices and edges in G will clearly be over by at least 3.)
All of these will be connected by an edge to vertex R. This will be kn vertices and kn edges.
(b) For all 1 ≤ i ≤ n we need that at least one of v i1 , . . . , v in is colored T . Hence we need it to not be the case that v i1 , v i2 , . . . , v in are all colored F . We place the gadget
. . , v in are all colored F then this gadget will not be 3-colorable. This is ≤ 3kn vertices and ≤ 5kn edges.
(c) For all 1 ≤ i ≤ n we need that at most one of v i1 , . . . , v ik is colored T . Hence we need that, for each pair of vertices v ij 1 , v ij 2 at most one is colored T . For each 1 ≤ j 1 < j 2 ≤ k we place the gadget GAD(v ij 1 , v ij 2 , F ). This is n k 2 × 2 ≤ k 2 n vertices and n k 2 × 5 ≤ 2.5k 2 n edges.
3. For each edge (v i , v j ) in the original graph we want to make sure that v i and v j are not the same color. Place the gadgets
This is 2ke vertices and 5ke edges.
Note that the number of vertices in G is ≤ kn + 3kn + k 2 n + 2ke ≤ 2k 2 n + 2ke vertices and ≤ kn + 5kn + 2.5k 2 n + 2ke ≤ 3k 2 n + 2ke edges.
3
Open Problem
Our reduction takes a graph on n vertices and e edges and produces a graph on O(n + e) vertices and O(n + e) edges. Can this be improved? For example, is there a reduction that yields a graph with O(n + √ e) vertices? O(n) vertices?
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